We develop heuristic derivations of two alternative principles of least action. A particle moving in one dimension can reverse direction at will if energy conservation is the only criterion. Such arbitrary changes in the direction of motion are eliminated by demanding that the Maupertuis-Euler abbreviated action, equal to the area under the momentum versus position curve in phase space, has the smallest possible value consistent with conservation of energy. Minimizing the abbreviated action predicts particle trajectories in two and three dimensions and leads to the more powerful Hamilton principle of least action, which not only generates conservation of energy, but also predicts motion even when the potential energy changes with time. Introducing action early in the physics program requires modernizing the current obscure and confusing terminology of variational mechanics.
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I. PREVIEW: LIST OF ACTORS IN ORDER OF APPEARANCE
An asteroid named Woolsthorpe, roaming between the orbits of Mars and Jupiter, appears to be heading in the general direction of Earth. Should we worry? Given the initial position and velocity of the asteroid and data on the shifting positions of nearby asteroids and distant planets as well as the Sun, Isaac Newton ͑1642-1727͒ tells us how the asteroid's velocity changes from instant to instant. By summing the resulting increments, we derive the reassuring prediction that Woolsthorpe will pass farther from Earth than our Moon. Newton answers the questions, ''What happens next? '' Newton's incremental construction of the path is not so useful in basketball. Given the initial position and speed ͑and therefore energy͒ of the ball, the shooter wants to know what direction of launch will place the center of the basketball at the center of the basketball hoop. Both launch and target points are defined in space. Pierre-Louis Moreau de Maupertuis ͑1698 -1759͒ and Leonard Euler ͑1707-1783͒ offer us their abbreviated principle of least action 1 to find the direction in which to launch the basketball. 2 Maupertuis and Euler answer the question, ''Starting from here, how do we get to there? '' None of the three, Newton, Maupertuis, or Euler, could easily manage a Moon shot. The spaceship launches from its Earth orbit and coasts toward an orbit around the Moon. The Earth and Moon are in motion; the spaceship must arrive at the correct point in space when the Moon is nearby. Both launch and arrival specify events, indexed by time as well as by location. William Rowan Hamilton ͑1805-1865͒ provides the principle of least action, which can be used to find the required initial speed ͑and therefore energy͒ and direction of launch to reach the Moon orbit safely. Hamilton answers the question, ''Starting from here now, how do we get to there then? '' As these three examples demonstrate, least action principles and Newton's laws form a powerful combination for the analysis of motion. Introductory mechanics courses currently employ Newton's vector laws of motion to engage questions similar to that posed by the hurtling asteroid. Least action principles, which are powerful tools in analyzing tasks similar to basketball and Moon shots, are introduced only in advanced mechanics courses which use difficult and abstract mathematics.
Earlier we have advocated starting the study of mechanics with conservation of energy, leading more or less directly to the principle of least action. 3 We have since come to believe that momentum and Newton's laws deserve their present prominence in introductory physics, but that action principles can and should be introduced early, not only because they prepare the way for advanced mechanics courses, but also because they are fundamental tools in many fields of physics such as optics, electromagnetism, quantum mechanics, and relativity.
We do not yet have a strategy for introducing least action; this paper presents a first step toward that goal, a story line that such an introduction might follow. Our purpose is to stimulate discussion about introducing action principles early in the physics curriculum.
II. ABBREVIATED ACTION IN ONE DIMENSION
A stone moves with varying velocity in the y direction in a time-independent potential such as that due to gravity near the Earth's surface. Conservation of energy is ͑almost͒ sufficient to predict its motion in one dimension. The total energy E is
where the kinetic energy is represented by K, the symbol used in most introductory physics texts, U(y) is the potential energy, and v is the speed of the stone. This speed is approximated by vϷ⌬s/⌬t, where ⌬s is the incremental distance covered by the stone in time ⌬t. For motion in the y-direction ⌬sϭ͉⌬y͉. Manipulation of Eq. ͑1͒ leads to a relation between ⌬s and the corresponding time increment ⌬t:
⌬t. ͑2͒
For the uniform gravitational field near the Earth's surface, the differential version of Eq. ͑2͒ easily integrates to an analytic solution. But analytic solutions are available for only a limited number of potential energy functions. In contrast, the one-dimensional motion in all reasonable potentials is easily predicted using a simple numerical integration method based on Eq. ͑2͒ or improved numerical methods, which are straightforward, conceptually transparent, and already in the toolkits of many undergraduates.
Interactive displays can encourage students to manipulate fundamental concepts in mechanics, as illustrated in Fig. 1:   4 ͑bottom panel͒ the energy diagram; ͑central panel͒ the position versus time curve called the worldline, a term which should be introduced long before relativity; ͑top panel͒ the velocity versus position diagram, which becomes the phase diagram when the velocity is multiplied by the mass.
The particle motion shown in Fig. 1 leads to a worldline AB that exhibits two ''kinks,'' sharp changes in slope. The energy diagram shows that each kink occurs at the location of an abrupt change in the potential energy. The result is a sudden change in the velocity ͑the velocity is the inverse slope of the worldline͒, displayed in the velocity versus position graph. So the kinks in the worldline AB have a physical basis as idealizations.
In two and three dimensions, conservation of energy alone is not sufficient to determine the particle motion. The reason is that energy is a scalar which tells us only the magnitude ⌬s of the next step along the trajectory, not its direction. Predicting motion in two and three dimensions also requires the direction of the next step. Equation ͑2͒ gives a preview of this difficulty for one-dimensional motion. Conservation of energy yields ⌬s, the magnitude of the incremental displacement ⌬y. For one-dimensional motion the two possible directions are either Ϫv for which ⌬yϭϪ⌬s or ϩv with ⌬yϭϩ⌬s. For both cases Eq. ͑2͒ gives only the magnitude ⌬s. These two possibilities are illustrated in Fig. 2 . Both worldlines AB and AC satisfy conservation of energy. Worldline AB is the sensible one, the worldline that meets our expectations as shown in Fig. 1 . In contrast, along the worldline AC the particle reverses direction twice in the vicinity of the position y o , keeping the same speed and therefore the same kinetic energy. In principle, a particle moving in one dimension can reverse direction at will if energy conservation were the only criterion.
The worldline AC is unacceptable, but not because it has kinks in it; the worldline AB also has kinks, sudden changes in velocity at the positions of idealized jumps in the potential energy as shown in the bottom panel. Rather, the worldline AC is unacceptable because it contains spontaneous reversals of the direction unrelated to changes in the potential energy. Worse is that there is no logical or physical safeguard against an arbitrary number of such spontaneous reversals of direction. It is clear that our understanding of particle motion in terms of conservation of energy alone is incomplete. What other principles can be used to reject spontaneous reversals of direction? Conservation of momentum applies to an isolated system; the presence of a potential energy function due to an external source tells us that the system is not isolated. Newton's second law allows us to reject spontaneous reversals of direction. In Fig. 2 the reversal occurs where the potential energy is uniform, so the application of Newton's second law says that ⌬vϷ(F/m)⌬t ϭ͓(ϪdU/dy)/m͔⌬tϭ0 and prohibits these reversals. However, we seek an alternative procedure for predicting motion which employs conservation of scalar energy instead of Newton's vector law.
In Fig. 2 , worldlines AB and AC have identical slopes ͑corresponding to identical velocities͒ everywhere except in the dot-shaded region of the spacetime diagram. So the velocity versus position curves provide a useful tool for highlighting the difference between these two possible motions. Pay attention to the area under the velocity versus position graphs in Figs. 1 and 2. The worldline AB generates the diagonally shaded area in Fig. 2 , identical to the diagonally shaded area in Fig. 1 . The velocities along the worldline AC are identical to those along AB except at the double jog near y o . The resulting multiple-valued velocity versus position graph for AC encloses the same diagonally shaded area, and in addition encloses the dot-shaded areas labeled 1 and 2. ͑Area 1 is enclosed twice during the motion described by worldline AC.͒
The area enclosed by the velocity versus position graph provides a handle by which to understand the difference between the realistic motion described by worldline AB and the unrealistic motion depicted by worldline AC. One way to eliminate spontaneous reversals of motion as a possible feature of the worldline is to demand that the area under the v versus y curve have the smallest possible value consistent with conservation of energy.
The The reason for ''abbreviated'' will become apparent. The condition that eliminates the velocity-reversing jogs in the worldline now becomes: The particle moves so that the abbreviated action has the smallest possible value, subject to conservation of energy.
The area under the phase curve can be expressed as:
͑ abbreviated action with conservation of energy͒.
͑4͒
Equation ͑4͒ uses the speed v and the distance ds instead of the velocity dy/dt and the displacement dy, because all incremental contributions to the integral are positive. For a particle moving in the positive y-direction in Fig. 2 , its velocity has the same positive value as the speed v and the incremental displacement dy is positive and equals ds.
Therefore the incremental contribution to the area is positive: mv ds. For a particle moving in the negative y-direction, its velocity (Ϫv) is the negative of the speed v and the incremental displacement (dyϭϪds) is the negative of the incremental distance ds. As a result, the incremental contribution to the area also is positive: m(Ϫv)(Ϫds)ϭmvds.
The abbreviated principle of least action requires that the value of S o be a minimum for the actual motion of a particle. In other words, from all possible nearby trajectories in space beginning at a fixed launch point and ending at a fixed target point, the particle traverses the trajectory with the smallest value of S o . The construction of the phase curve, m times the velocity plotted in Fig. 2 , requires conservation of energy, so conservation of energy is assumed in the abbreviated principle of least action. Note that the abbreviated principle of least action is a prescription for the trajectory as a whole, which is different in character from the prescription provided by Newton's second law.
III. ABBREVIATED ACTION IN TWO DIMENSIONS
The action integral, Eq. ͑4͒, also applies in two and three dimensions, where v is the speed and ds is the incremental distance along the two-or three-dimensional trajectory. The minimization of the action S o selects from possible nearby energy-conserving trajectories the actual trajectory followed by the particle. For simplicity, we assume that the potential energy function varies with the y-coordinate only, for example, U(y)ϭmgy for a basketball.
To find a trajectory y(x) that leads to a minimum value of S o in Eq. ͑4͒ for fixed initial and final locations, we divide and conquer. If the entire action integral is a minimum, then the contribution to the integral from each infinitesimal portion of the trajectory also must be a minimum.
7 Figure 3 shows the initial infinitesimal portion of a trajectory in the xy plane ͑the trajectory is not a worldline͒. The dotted curve represents the beginning portion of a trial trajectory approximated by line segments A, B, and C. This approximation can be made as accurate as desired by choosing points 1-4 sufficiently close together. Figure 4 shows an alternative initial portion of the trial trajectory derived by displacing point 2 in the y-direction. Conservation of energy and the local value of the potential energy fix the average speed of the particle along each segment in Figs. 3 and 4 . Finding the portion of the trajectory Fig. 3 . The infinitesimal initial portion of the curved trajectory of a particle in the xy plane ͑dotted line͒ might represent the first millisecond of motion of a particle that starts at fixed point 1. The dotted trajectory is approximated by three connected straight segments A, B, C.
given by segments A and B reduces to using algebra and elementary calculus to find the y-position of the center point 2 that minimizes the abbreviated action for these segments. Equation ͑4͒ expresses the abbreviated action S oAB along segments A and B:
͑5͒
The lower case s in s A and s B refers to the incremental length of each segment; v A and v B are the corresponding average speeds whose values are derived from conservation of energy. To find the minimum value of the abbreviated action S oAB , we take the derivative of both sides of Eq. ͑5͒ with respect to y ͑all remaining coordinates are fixed͒ and set the result equal to zero:
͑6͒
The notation in Fig. 4 leads to expressions for each of the terms in Eq. ͑6͒. The Pythagorean theorem tells us how the length s A varies with y, the independent vertical coordinate of point 2:
requires the derivative of s A with respect to y:
Conservation of energy determines the value of the average speed along each segment:
Here U A is the average potential energy along segment A, approximated as the average of the values at its two ends:
The derivative of v A with respect to y comes from Eqs. ͑9͒ and ͑10͒:
.
͑11͒
The
The expressions for segment A from Eqs. ͑7͒-͑12͒ plus the corresponding expressions for segment B allow us to recast Eq. ͑6͒ into the form
and lead to a powerful result which is hidden in the notation:
The numerator on the right side of Eq. ͑14͒ is the difference between the average y-momenta p yA and p yB on segments A and B. The denominator approximates the time of travel from the midpoint of segment A to the midpoint of segment B. The right side of Eq. ͑14͒ thus approximates the time derivative of the y-component of the particle momentum. The left side of Eq. ͑14͒ is the value of the quantity ϪdU/dy at the displaced point 2, the expression for the y-component of the force in a given potential. Thus Eq. ͑14͒ is an approximation to the y-component of Newton's second law of motion, an approximation that becomes exact for infinitesimal segments:
F y ϭ dp y dt ϵ ṗ y , ͑15͒
where the dot over the momentum p indicates the time derivative. Alternatively, minimizing the abbreviated action S oAB along segments A and B by varying the x-coordinate of the center point 2 leads to
expresses the conservation of x-momentum between segments A and B and is in accord with Newton's second law for the case in which the potential energy U is not a function of x, namely F x ϭϪdU/dxϭ0ϭṗ x so that p x does not change with time.
If your allegiance is to Newton's second law, then you can treat Eqs. ͑15͒ and ͑16͒ as validating the abbreviated principle of least action when the energy is conserved. Alternatively, you can view Eqs. ͑15͒ and ͑16͒ as demonstrating the priority of the abbreviated principle of least action, because Newton's second law and conservation of momentum both grow out of it. We prefer to emphasize here the consistency among these different predictors of motion. 
IV. CONSTRUCTING THE TRAJECTORY
The procedure outlined in Sec. III easily adapts to constructing the trajectory of a particle with fixed endpoints and conserved total energy. Let the segments in the left-hand graph in Fig. 5 be infinitesimal portions of a trial trajectory drawn arbitrarily to connect the fixed launch point ͑point 1͒ with the fixed target point ͑not shown͒ for a particle of fixed total energy. Points 2-4 are a sequence of adjacent points along the beginning of the trial trajectory. As explained in the caption of Fig. 5 , we first vary the y-coordinate and then the x-coordinate of each intermediate point to find the location that minimizes S o along the two adjacent segments. Repeat the sweep along the entire modified trial trajectory until no further displacements of the intermediate points occur. 8 The resulting path approximates the trajectory taken by the particle. Equations ͑14͒-͑16͒ tell us that at every intermediate point along the resulting trajectory Newton's second law holds.
The total energy and the value of the potential energy at the launch point yields the launch speed and the completed trajectory determines the initial direction of motion at launch. Thus the abbreviated principle of least action tells us how to launch the particle ͑speed and direction͒ from the fixed initial point so that it will arrive at the target.
The trajectory alone does not fully describe the motion. A complete description includes not only the trajectory, but also the time at which the particle passes each point along the trajectory, plotted as the worldline. The basketball player does not care when the center of the ball reaches the center of the hoop.
9 Nevertheless, our procedure can easily be extended to find the time at which the particle passes each point along the trajectory. Equation ͑12͒ yields the time t 2 Ϫt 1 along segment A and similar equations give the time along later segments, resulting in the total time from the launch to any point on the trajectory. The combination of the trajectory plus the time at each point on the trajectory, embodied in the worldline, provides a complete description of the flight of the basketball.
A standard result of projectile motion for a value of energy greater than the minimum is the possibility of two trajectories between the launch and target, one path higher and of longer duration, the other flatter and of shorter duration. The technique for constructing trajectories described here will discover only one of these, depending on the initial arbitrarily chosen trial path. Finding the second trajectory requires a different initial trial function. This case, with its alternative analytic solutions, is a good one for introducing students to the qualitative skills required to guess trial trajectories when multiple paths are possible.
V. JUST PLAIN ACTION
A small additional step reveals a truly remarkable and general expression due to Hamilton, 10 for which the name action stands powerfully alone, with no modifier. This action earns the symbol S, without a subscript, and is defined as:
The following simple expression relates the action S to the abbreviated action S o :
can be derived from an extension of Eq. ͑4͒:
͑19͒
The first integral on the left in Eq. ͑19͒ is a summation along the trajectory in space, from the launch to the target. In contrast, the last integral on the right in Eq. ͑19͒ multiplies twice the kinetic energy along each segment of the path by the incremental time required to traverse that segment and sums the result. The last integral can be regarded as a summation along the worldline. Adding and subtracting the potential energy function U on the right side of Eq. ͑19͒ gives the result:
The integral containing KϪU on the right-hand side of Eq. ͑20͒ is the action S, as defined in Eq. ͑17͒. In the last integral on the right-hand side of Eq. ͑20͒ the total energy EϭKϩU does not change with time, and therefore the integral equals (t final Ϫt initial )E; Eq. ͑18͒ follows immediately. Equation ͑18͒ deserves close scrutiny. Suppose that the procedure outlined in Sec. IV leads to the actual trajectory in space that minimizes S o on the left-hand side of Eq. ͑18͒. Section IV tells us how to complete the worldline, which gives the time of arrival at the target, t final . Hence minimizing S o on the left side of Eq. ͑18͒ gives us everything about the right side, including the worldline along which the integral S is taken and the time limits of the integration.
Instead of employing the abbreviated action S o on the left side of Eq. ͑18͒, we try using the action S on the right side to predict the motion. The action integral S is taken along the worldline between the fixed initial and final events. We boldly postulate the principle of least action, which requires that the integral S in Eq. ͑17͒ have a minimum value for the Fig. 5 . Construction of the trajectory y(x) in two dimensions. The initial segments are shown. Point 1 is the fixed launch point. ͑a͒ We first vary the y-coordinate and then the x-coordinate of point 2 to find the location that minimizes the value of the abbreviated action S oAB along segments A and B. ͑b͒ We move point 2 to that new location, then vary the y coordinate, then the x-coordinate of point 3 to find the location that minimizes the value of S oBC along segments B and C. ͑c and continuation͒ We move point 3 to that new location and continue moving later points on the trial trajectory all the way to the fixed final point ͑the target, not shown͒. We repeatedly sweep the entire trial trajectory until the intermediate points no longer change. The resulting trajectory approximates that taken by the particle. As described in Sec. VII, a similar construction with y and t coordinates approximates the worldline which minimizes Hamilton's action S. worldline taken by the particle between fixed events, that is, with known elapsed time t final Ϫt initial on the right side of Eq. ͑18͒. The new least action principle implies a change from the original constraints-fixed endpoints in space and fixed energy-to physically less restrictive constraints-fixed initial and final events in spacetime. For all nearby worldlines anchored on the same initial and final events, we predict that the particle moves along that worldline for which the value of S is a minimum.
Specifying the arrival event means specifying in advance the arrival time t final . But this final time affects the kinetic energy K along different parts of the worldline required to meet the specified deadline and therefore affects the value of the total energy E. It turns out that minimizing the value of the action S not only validates the conservation of energy along the actual worldline, but also yields the value of the conserved energy E.
To simplify our study of the action integral S, we return to one-dimensional motion and seek a worldline y(t) that minimizes the value of S between fixed initial and final events. The trial worldline, a portion of which is shown in Fig. 6 , need not have a direction-reversing jog in it, as was required for alternative worldlines when the value of the energy was fixed in advance ͑see Fig. 2͒ . Our expectation that the derived energy-conserving worldline be smooth for a smooth potential energy function will turn out to be justified. Figure 6 approximates a portion of the trial worldline with incremental straight segments, with the independent coordinate t along the horizontal axis, just as Fig. 4 plots the independent coordinate x along the horizontal axis. Figure 6 focuses on two adjacent segments, A and B, that lie somewhere along this trial worldline. We temporarily fix events 1 and 3 while moving event 2 in the y-direction to study the effect of this displacement on the value of the action S AB summed along segments A and B. A student exercise shows that the outcome is the same: the y-component of Newton's law F y ϭṗ y , Eq. ͑15͒. Therefore minimizing the action S is equivalent to invoking Newton's second law.
In finding the worldline using the principle of least action, we did not assume in advance that energy is conserved for a potential energy U(y). Nevertheless, if the expression U for potential energy does not contain the time explicitly, the principle of least action includes the conservation of energy.
The actual worldline of least action must satisfy a minimal condition not only with respect to the space coordinates, but also with respect to time. The equation expressing a zero derivative of S with respect to time is nothing but conservation of energy. This result follows from varying the t-location of event 2 in Fig. 6 while keeping its y-coordinate constant. The approximate expression for the action S AB along worldline segments A and B is
where t is the time of event 2. The minimum value of Eq. ͑21͒ follows from setting its derivative with respect to t equal to zero. The average kinetic energy along segment A is
͑22͒
The time derivative of (t 3 Ϫt)K B in Eq. ͑21͒ yields the result
Because the potential energy is a function of space coordinate y only, the average potential energy U A along segment A does not change its value with the time displacement of event 2. Therefore the time derivative of the term in Eq. ͑21͒ that includes U A becomes
The time derivative of (t 3 Ϫt)U B in Eq. ͑21͒ yields the result ϪU B .
If we substitute Eqs. ͑22͒ and ͑23͒ for segment A plus the corresponding expressions for segment B into the expression for the derivative of Eq. ͑21͒ with respect to the time t of event 2 and set the result equal to zero, we obtain
can be written as
which says that energy is conserved along segments A and B.
VI. CONSTRUCTING THE WORLDLINE
The worldline of a particle derives from the principle of least action using an iterative process similar to that used to find the trajectory in Sec. IV and illustrated in Fig. 5 . The sequence of steps is essentially identical to that used for the abbreviated action when the original x, y coordinates for a trajectory become the t, y coordinates for a worldline, as shown by the alternative t, y coordinate axes in Fig. 5 . We first move the y-coordinate and then the t-coordinate of each intermediate event to minimize the action along the adjacent pair of segments, sweeping repeatedly along the worldline between fixed initial and final events until the intermediate events no longer move on the spacetime diagram. The resulting segmented worldline approximates the worldline followed by the particle. 6 . Two adjacent infinitesimal segments A and B are chosen arbitrarily along the trial worldline of a particle moving in one dimension in a timeindependent potential. Events 1 and 3 are temporarily fixed, while the y-coordinate of event 2 is displaced in order to find its position 2 for the minimum value of the action along segments A and B.
The limit-taking process of applying the principle of least action to each pair of adjacent segments in sequence, when multiple sweeps along the worldline are completed, satisfies Newton's second law and matches the value of the energy between every adjacent pair of segments, Eq. ͑25͒, and therefore determines the value of the energy on every segment of the worldline. The value of E derived from the principle of least action multiplied by the total elapsed time ͑fixed at the beginning of the analysis͒ completes the right side of Eq. ͑18͒. Knowledge of the worldline yields the trajectory, which allows us to evaluate the integral S o on the left side of Eq. ͑18͒ for the now-determined value of the energy E. In brief, either side of Eq. ͑18͒ predicts the motion of a particle in a time-independent potential U: Minimizing S o on the left side for a fixed energy determines the trajectory; minimizing S on the right side for a fixed time lapse determines the worldline.
One payoff of describing motion using a scalar energy and a scalar action is the straightforward generalization of the analysis to motion in three dimensions, in which the potential energy function has the general form U(x,y,z). This generalization requires only a simple extension of the analysis in Secs. III-VI. The partial derivative with respect to any spatial coordinate that minimizes the action or the abbreviated action leads to the corresponding component of Newton's second law; the partial derivative with respect to time that minimizes action leads to the conservation of energy.
VII. TIME-DEPENDENT POTENTIAL ENERGY
In many cases the potential energy changes with time. For example, the gravitational potential at a point in space between the Earth and Moon changes as the Moon moves. This time-varying potential can change the energy E of a spaceship moving through that point. Newton's second law relates the acceleration to the instantaneous force described by the spatial derivative of the potential energy, Eq. ͑14͒. Therefore Newton's law applies from instant to instant, even if the potential changes with time.
Constructing the worldline using the principle of least action involves a variation of the y-coordinate of each intermediate event on the worldline, while holding constant the time of that event, as illustrated in Fig. 6 . Our approximation takes the value of the potential energy along each segment to be the average of its two endpoints. The endpoints in Fig. 6 are events, and the approximation corresponding to Eq. ͑10͒ is
The variation of the y-coordinate of event 2 does not change the time t 2 of that event, so the minimum action again leads to Newton's second law. Indeed, it can be shown that the principle of least action is equivalent to Newton's second law for nondissipative systems. 12 Therefore the principle of least action is also valid for time-varying potentials. In contrast, the principle of abbreviated action assumes conservation of energy, so it cannot predict motion when the potential energy varies with time.
Does the principle of least action also lead to a correct accounting of the changing particle energy when the potential energy changes with time? The analysis is a simple extension of the one that leads to Eq. ͑25͒. Minimizing the action along segments A and B in Fig. 6 requires varying the t-coordinate of point 2, while keeping its y-coordinate constant. Equations ͑21͒ and ͑22͒ remain valid for the timedependent potential energy, but Eq. ͑23͒ is altered using Eq. ͑26͒. Setting the time derivative of the action equal to zero leads to
where ⌬t is the elapsed time as the particle moves between the midpoints of the adjacent segments. Equation ͑27͒ correctly approximates the increase in the total energy of the particle as it passes across segments A and B.
Another important type of motion takes place under a constraint, for example, a bead sliding without friction along a rod that rotates at a constant rate. 13 In such motion the forces of constraint typically change the energy of the particle. Newton's laws are awkward for describing motion under such a constraint because of its vector nature ͑and for additional reasons͒. In contrast, the scalar principle of least action treats such constrained motion with simplicity and power.
VIII. SELF-DESCRIPTIVE TERMINOLOGY
Before we can move the two principles of least action to a position earlier in the physics curriculum, we need to update the language of variational mechanics, making its terminology self-consistent, transparent, and easy to understand. The present terminology of variational mechanics is clogged with the accumulated sludge of ancient trial and error and the detritus of genius. Our Murky Terminology Award goes to adjectives describing constraints of motion: holonomic, semiholonomic, rheonomous, and scleronomous. Terms encrusted with the barnacles of eminent contributors' names obstruct the flow of understanding. Who could know from the names Hamilton's principal function or Lagrange's equations what each is about, how they are used, or why they might be important? 14 Students should not be forced to master a polyglot language before they can revel in the simplicity and power of action.
The terms for our mechanics tools should be selfdescriptive. The self-descriptive name of an object, principle, or application recalls for us and drives home its key feature every time we read, speak, hear, or apply it. First prize for a self-descriptive name goes to black hole, which summarizes the properties of a mighty astronomical object. The term black hole is not only descriptive but also exciting, firing the public imagination. The original study of collapsed gravitational structures did not lead to this term. The name was long sought, stumbled upon, recognized, and promoted by John Archibald Wheeler. 15 Why not replace abbreviated action with the term fixedenergy action or trajectory action? Could Lagrange's equations become local equations of motion? It may be difficult to find self-descriptive names for fundamental concepts of a field, but these names should at least be snappy and motivating. We would not be writing a paper promoting the use of Hamilton's principal function, but Landau and Lifschitz, and later Feynman, renamed it action, cutting the number of syllables by three-quarters and invigorating the field. 16 Even the field of mechanics needs new names. Classical mechanics currently means nonquantum mechanics; special and general relativity are classical subjects. This paper focuses on the more restricted field of Newtonian mechanics, which predicts nonrelativistic, nonquantum motion. Newton's greatness is not enhanced by using his name to smother magisterial contributions by Euler, Lagrange, Jacobi, Hamilton, and others.
